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We report the effects of anomalous dissipation with a vanishing effective friction, which can induce ballistic
diffusion and dissipative acceleration, where the fluctuation-dissipation theorem is fulfilled. An influence factor
is introduced in order to describe the role of non-Markovian friction and the force-folded effect on the
long-time results. The velocity-dependent coupling and force might be a dynamical origin of this dissipation.
The steady acceleration of a particle moving in periodic and magnetic-force potentials are calculated.

DOI: 10.1103/PhysRevE.71.010102 PACS nuni)er05.40.Jc, 73.23.Ad, 75.47.Jn, 83.10.Mj

The non-Markovian friction(frequency-dependent fric- In this Rapid Communication, an influence factor of non-
tion) mechanism is usually described by the non-OhmicMarkovian friction upon long-time results is proposed and
model within the framework of the generalized Langevinused to study the relationship between fluctuation and
equation(GLE), which arises from a spectral density with anomalous dissipation as well as the force-folded effect in
the form J(w)=mysw*f(w/w), Where f(o/w) is a cutoff  the ballistic process. Furthermore, we want to explore what
function[1,2]. It is concluded that the power<Os<1is for  kind of heat bath could play such a role and describe such

subdiffusion, }<s<2 for superdiffusion, while fos>2 the  physical situations where there might exist a dissipative ac-
mean-square displacement and the variance grétvi.e,  cejeration.

ballistic diffusion appearfl]. Note that whers<2, the av- Fluctuation related to anomalous dissipatioFhe motion

erage velocity of a damped free particle relaxes towards Q¢ 5 particle in a potentiall subjected to a thermal colored
zero due to dissipation; we call this situation as a regmahoises(t) is described by a GLEL2]

dissipative process. The obvious examplessof2 can be .

found in the velocity-dependent forces for electromagnetic . , N s

problems, for examgle, iFr)1 a superconducting quantumginter- mo(t) = - U’(x) _f Blt—to(t)dt' +e(t), @)
ference device(SQUID) [3,4] and blackbody electromag- 0

netic field[5], where the basic variable, the magnetic flux, iswhere B(t) is the memory friction kernelg(t) with zero
coupled to a quantity with the dimension of electric current.mean is assumed to be uncorrelated to the initial velocity and
Nevertheless, the macroscopical properties of the system giyst satisfy the second FD[IL3] expressed age(t)e(0))

long times and the validity of the Kubo fluctuation- = B(t)(v¥eq in order to emphasi
S92 ; o . = eq phasize the ensemble to be sta-
dissipation th(_eor_e rfF_DT) n the ballls_tlc process |r_1duce_d by tionary, where the subscript “eq” denotes the expectation
anomalous dissipation with a vanishing effective friction L

with respect to the assumed equilibrium state.

need to be clarified. S .
Newton’s second law in a conservative system states th‘a‘\)t When the potential is absent, the solution of EL). can

the acceleration of a particle is equal to the total externaP€ OPtained by means of th,e L,aplace transform technique,
force divided by the particle’s mass, which, however, van-()=vo®(t)+1/m[o®(t—t")s(t")dt’, whereu, is the initial
ishes in usual dissipative systems, because the external for¥glocity of the particle. The functiof(t) is the inverse form

is equivalent to the friction force being proportional to the of the Laplace transforr®(z)=[z+ 8(z)]™%, whereB(2) is the
particle velocity. A problem of broad interest is whether thereLaplace transform of the memory friction kernel. We have
exists a general intermediate situation between the abovebtained the two-time velocity correlation function in a ge-
mentioned two cases. According to the Einstein relation, on@eric form as

has(x(t))r=F(x2(t))o/ (2kgT) [6], relating the first moment in R

the presence of force to the second moment in the absence (v(t)v(ty) = vz + <vz>eq<fc(1 —-fo+ fcz regd(z)]

of the force. There should exhibit a steady acceleration if the A !

mean-square displacement of the particle grows with the ><exp(zj|t1—tz|)+2 re§d(z)]

square of time. Very recently, the ballistic process has be- i

come a challenging subject, for instance, short-time ballistic 2 _ 2y _ /.2
displacement in a bacterial bath, ballistic aggregation, ballis- ><res{<1>(zj)]exp(zi|t1 t2|)) +{voh = el

tic deposition, and ballistic string7]. In theory, ballistic R

diffusion (as the limit of superdiffusionhas been predicted X<fc2 redd(z)Jlexp(zty) + expzty)]
[1,2,8-1Q, ballistic transport is observed in the harmonic ! . .

lattice, and its effect on heat conduction was discussed in + res{@(zi)]res{tb(zj)]exqzjtl+zitz)),

[11]. However, possible physical origins for processes of this i

kind have remained open. (2
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wherez andz are nonzero roots of the equatiom[%(z) pling instead. However, we have found here that their spectra
=0, {} denotes the initial average and re$ the residue. have different formq17], when all coupling strengths are

The mean-square displacement of the free particle can H&SSUMed to be independent of frequency, which would lead

obtained to compute the double integral to quite different dynamical behaviors of the system at long
t ot times, because the latter is governed by the low frequency
O4(t)) = (v(tyv(ty))ddt,. (3) limit of the power spectrum of noise autocorrelation func-

.JoJo . tion. If the environmental oscillators havesgpower non-
We have tzhe Iong-tzlme azlsymzptcz)tlc result for H@), <X2_(t Ohmic spectral distribution for coordinates—%oordinate cou-
—0))=[(0eqfc+ ({vg}—(v >eq)f.c]t : Herefc is called the in-  hjing  the power of the spectral density for the system
fluence factor of non-Markovian friction on the result of a coordinate(velocity) and environmental velocitie&oordi-
system at long times, which is given y=®(t—=)={1  nateg coupling should bes,+2 and the power for velocity-
+lim,_o[B(2)/z]}"%. If f.#0,B8(0)=/5B(t)dt=0 should be velocities couplings,+4, so that the velocity-dependent cou-
fulfilled and leads tav(t— «))=v,f.# 0. This implies that pling might induce ballistic diffusion.
the effective friction strength vanishes and this is just corre- Just for illustration and for easy simulation, we here con-
sponding to amnomalous dissipativerocess due to ballistic Sider a simple case that the environmental oscillators have a
diffusion; however,f.=0 for both Markovian and normal Structure, which is a power spectrum with a narrow Lorent-
non-Markovian(subdiffusion and superdiffusionprocesses. zian peak centered, not at zero frequency. The friction kernel
Note that Eq/(2) consists of a,-dependent constant part Be-(t)=(7Q5/T)e V2 [coswyt+(I'/2w;)sin w;t] for the sys-
(which does not appear in normal, subdiffusions and supetem coordinate and environmental coordinates coupling,
diffusions [12], a stationary part, and an aging teice-  Wherel” and (), are the damping and frequency parameters
pending on the waiting time The second moment of veloc- of the harmonic noiséHN) [18]. Then for the system coor-
ity can still reach its equilibrium value, i.e{p?(t—))  dinate(velocity) and environmental velocitie&oordinates
=(v)eq+ {03} —(v?)eql, the aging term can be removed and coupling, we have
the velocity correlation function has a behavior of time- _ r .
translation invariance at any time, as soon as the initial ve- Be-o(t) = 7" exp(—I't/ 2)<C°S“’1t_ z_wls'” wlt)’ ()
locity v, of the particle is assumed to be in the equilibrium where w?=Q03-T?/4 and 7 is the friction of the system cor-
state. Namely, the particle velocity becomes a stationary praesponding to a thermal white noise. Equatihis the cor-
cess and then the Kubo first FDT is met. In this case one alsgelation function of time derivative of HN, which is called
needs not to worry about the violation of FDT, which is the harmonic velocity noiséHVN) here. We havef.=(1
contrary to what is claimed in Ref14], wherevo was cho-  +,10:2)71 for the coordinate(velocity)-velocities (coordi-
sen to be zero. On t_he other hand, Wﬁ_g_lns _flnlte ando, IS nates coupling and f.=(1+7/T)™Y for the velocity-
not assumed to be in the thermal equilibrium state, this is ge|ocities coupling; howeverf,=0 for the coordinate-
generalized representation of a fluctuation-dissipation Progoordinates coupling.
cess, and actually Kubo originally did not consider this case | regity, the value of spectrum of thermal-colored noise-
in his formulation[13]. In this case the Kubo first FDT is not jnqyced ballistic diffusion is equal to zero at zero frequency.

valid. . . ) Moreover, any realistic spectral density of noise falls off in
The velocity-dependent coupling modalorder o inves- e |imit «— o, because certain physical quantities cannot

tiga.te.a p_hysi.cal origin of both anomalqus dissipation a”ddiverge. Both require the noise havingband-passingoe-
ballistic diffusion, we present an extension for the systemy,aior, for example, a thermal broad-band noise proposed in
plus-reservoir moddll,3,4,15,16 which includes altogether Reafs [10,19 as the difference between two Ornstein-

four kinds of bilinear couplings between the system and engynienpeck noise6OUNS) with time constants, and 7, its

vironmental degrees of freedom. The whole Hamiltonian Offc:[1+%777§/(7'1+72)]_1; however, for thermal white noise,
the system and environment reads

N OUN and HN, their low-frequency parts do not vanish and
_1 m .2, 22 oo o then 8(0) # 0, so thatf.=0.
H 2mx2+ UG+ gl 2 (A7 + wjg)) +gx.auG) |, (4) It is possible to reformulate Eq1) with (5) into a set of
wherex and q; are coordinates of the system and the heatMarkovian Langevin equations through introducing variable
bath, respectively. For this formalism, the coupling term istransformations. We numerically calculate the mean-square
g=—cjxqj+cj2x2/(2mjw12) for the usual coordinate coupling displacement and velocity of a free particle with a Gaussian
[1]; g=—dy xq; [3] or g=-d,;xq; for the system coordinate distribution for the initial velocity with zero mean and vari-
(velocity) and environmental velocitiegcoordinate cou-  ance{vi}=ksTo/m, whereTy is the initial temperature of the
pling [3,5]; andg:—ejxqj—ejzkzl(ij) for velocity-velocities ~ particle which could differ from the temperatufieof heat
coupling, where two additional terms appearing in the firstoath. The results compared with the HN case are shown in
and fourth cases are in order to compensate couplingFigs. 1@-1(d), here the dimensionless uni=1 andkg
induced potential and mass renormalization, respectively. =1) are used. It is seen from Fig(d) that the asymptotic
Some authors[3-5,15,16 considered the velocity- results for the coordinate-coordinates coupling do not depend
coupling model to be equivalent to the coordinate-couplingon the initial condition, namely, the slopes (@f(t— «)) for
one, because the velocity-dependent coupling can be trangarious T, are the same and their difference is due to the
formed into a very similar Lagrangian with a coordinate cou-term {v(z)}n_z, the non-Markovian effect influences only on
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the transient procegsee Fig. 1b)]; while the asymptotic over energy barriers, since there still exist fluctuations with-
results for the velocity-dependent coupling are sensitive tmut effective friction on the average. Thus the particle can
the initial conditions[see Figs. (c) and 1d)], where the have a directional acceleration even for a small force. How-
numerical data are in agreement with or approach to the thesver, there exists only a steady velocity along the direction of
oretical expressionéhe solid line$ of (x3(t)) [Equation(3) external force in normal dissipative systef2€].
and its curvature depend on the initial velogitgnd of A real physical example fos=3 is the vortex diffusion,
(v¥(t—)). This allows us to classify two classes of non- where the magnetic force depends on the relative velocity
Markovian processes. The first class, which we call normaPetween the superfluid velocity and the vortex velocity, and
one, where the Ve|ocity memory p|ays a role on|y in theWI” contribute to the vortex potentia[lZl]. We write down
transient process, and the second class, which we call tHge classical equation of motion for a charged particle with
strong non-Markovian processvhere the velocity memory, massm and chargey as[3,21]
depending on the initial condition, influences the long time . R
results. mR=- VU(R) - 7R+ R X B+&(t), (7)

The dissipative acceleratioif.we add an external force where ¢ is a zero-mean Gaussian white noise. The scalar
into Eq. (1), only a steady velocity appears for normal potential U for the charged particle has the fortd
Brownian motion. However, in the present model of balllstlc:%m(wiszeryz)_,:Z and the external magnetic field is

diffusion, the acceleration of the particle automatically ap-jjieq B=(B,0,0). After eliminating thex andy degrees of
pears as

ac= afc (6) 1.0

The proposed factof, with 0<f.<1, in fact, can be ex- 0.8
pressed as the additional mass tefym=m,—m=m(1
-fJ/f. in the mass renormalization scherfld where the 0.6
effect of the heat bath on the dynamics at long times is to %..
renormalize the particle’s mass, or, described as a force- 0.4
folded effect in the Newton’s equation if the particle’s mass
is assumed to be a constant in a dissipative environment. 0.2 T/b;=0.01

The acceleration of the particle moving in a titled periodic A
potential [U(x)=-Ugsinx—Fx] [20] is shown in Fig. 2, 0.0 ]
which is a function of the constant forde. When F/U, 0.0 02 04 06 08 1.0 1.2 14 16 1.8 20

> 1, the titled potential has no local minimum and the par- Flu,

ticle starts to get an acceleration along the direction of exter- FIG. 2. The acceleration as a functionfofU, for various tem-
nal force at low temperatures. When the temperature inperaturesT/U,. The parameters used are=3.0,0,=1.0, and7
creases, the thermal fluctuations help the particle to climk=2.0.

010102-3

RAPID COMMUNICATIONS



J.-D. BAO AND Y.-Z. ZHUO

RAPID COMMUNICATIONS

PHYSICAL REVIEW E71, 010102R) (2005

freedom, the problem can be mapped onto an effective oner[B/(mwy)1%}~* and thusa,— 0 if B— o even in the absence

dimensional GLE when normal friction is absdnt=0 and
without thermal noisg i.e.,

BZ t
mZAt) + —f cosw,(t—t")z(t")dt' = (t) + F (8)
mJo
with () =B[y(0) w,sin w,t—y(0)cosmt]. Assuming
that  {y(0)}={¥(0)}=0,{y%(0)}=wi{y*(0)}=ksT/m,  and

{y(0)y(0)}=0, the anomalous memory friction kernel func-
tion B(t) is connected to the correlation of the noidé) by
the second FDT as the initial distribution eft) is assumed
to be a Gaussian function with {(e(t)e(t’))
=(B*/m)kgT cosw,(t-t'). We have

(Mw,) 2 2

B? + (mwy)2 B? + (M.

B(t) = )Zcos[va +(BMx], (9
y

and the time-average acceleration of the charged particle

determined by \
1 F. 2
f dt’' —d(t') =
t m

F_(moy)”
mB? + (Mw,)?’

a:=lim—

lim-o (10)

whereA is the time period of Eq(9). Here the nontransport
degrees of freedom act as the role of the heat bath with
finite monochromatic spectrud{w - wy). The correction fac-
tor of the average acceleration is given bf={1

of dissipation. This is a phenomenon of magnetics-induced
damping[21].

In summary, we have found that velocity-dependent cou-
pling and corresponding to a thermal band-passing noise can
induce ballistic diffusion, where the effective friction
strength of the system vanishes. Both the transient process
and the long-time result for a system of this kind are sensi-
tive to the initial conditions. We have carefully examined the
validity of the Kubo first FDT by assuming that the Kubo
second FDT is fulfilled. It is shown that the former is also
valid for the ballistic diffusion process as if the initial par-
ticle velocity is taken to be the equilibrium distribution. The
physical situation can be found in the vortex transport in the
presence of magnetic field. Indeed, the mean velocity of a
damped free particle should not relax towards to zero, and
when an external constant force is added into the system, it
Rill be equilibrated partly by anomalous memory friction
and lead to a force-folded effect. Thus the steady accelera-
tion appears in such anomalous dissipative systems. This can
be used as a probe to investigate characteristic behaviors of
the environment and interaction form through calculating
gsymptotic results of the system.
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